The growth of the Taylor coefficients of an automorphic form of dimension -2 with respect to a Fuchsian group T is related to the area integral Jfjj \F\s(\ -\z\%)'dxdy, and it is found that these coefficients must grow faster than a power of«. Moreover if Fe H(p, T) then these coefficients must grow slower than a different power of n and, in fact, an\n is square summable if either p=2 or 1</><oo and T is finitely generated of the second kind.
Introduction. Throughout
Y shall stand for a Fuchsian group acting on the unit disk [/(={z: [z|<l}) of the complex plane. We shall assume that Y is of convergence type, i.e., (l.i) 2 iT'(z)i < °° for a11 z in u- Ter We note that (1.1) is equivalent to the fact that the associated Riemann surface U¡Y is hyperbolic (cf. Tsuji [9, p. 522] ). If F is a function defined on U, then we say that F is an automorphic form of degree -2 if F(Tz)T'(z) = F(z) for all T in Y and z in U.
We define (1. 2) X-!(z) -(1 -\z\2), dm(z) = X2(z) dx dy, and note that X-1(Tz) = \T'(z)\X"1(z) and dco(Tz)=dco(z) for all conformai automorphisms T of U onto itself. If Q is a fundamental region for Y whose boundary has two dimensional measure zero, then we define H(p, Y) (1 ^p< oo) to be the space of holomorphic automorphic forms of Although all of our work is done for the case Y of convergence type and automorphic forms of dimension -2, analogous results could be stated and proved for arbitrary Y and automorphic forms of dimension -2q<-2.
2. Lower limits on the order of growth of the coefficients. We shall first show that the Maclaurin coefficients of an automorphic form cannot grow "too" slowly. Theorem 1. Suppose Y is such that 2rer |7"(z)|r=oo/or some z in U. Let F(z)=2"=oanz"» F^O, be an arbitrary (holomorphic) automorphic form of degree -2 with respect to Y, then, for any i<r/2, an^O(nl). ß"*0(l).
Proof. If Y is not cyclic hyperbolic, then Beardon [1] proved that there exists an r>0 such that 2rer \T'(t)\r=<x>; hence choosing r=0 in Theorem 1 completes the proof.
Remark. If Y is cyclic hyperbolic, Beardon [1, p. 475 ] showed that 2rer \T'(t)\r<co for all r>0, however in this case we have an^O(n~z) for all £>0. 3 . Upper limits on the growth of the coefficients. We note that in the above theorem and its corollary no assumption was made about the growth of F. If we make such an assumption, i.e., Fe H(p, Y), then it can be shown that the Maclaurin coefficients of Fcannot grow "too" fast. In order to prove this we first need 4. Summability results. From Proposition 4 we saw that an=0(n1+t) for all i>0 if 2™=o On2" G H(p, Y). However even more is true if we assume 2^/7< oo for arbitrary Y or 1 <p< oo and Y a finitely generated group. We note that if Y is finitely generated then Y is of convergence type if and only if r is of the second kind. We first prove Lemma 5. If Y is finitely generated of the second kind then,for 1 <p< oo,
The idea of proof is that if one chooses Ü. to be a Dirichlet region, then, dilC\dU consists of free sides and parabolic cusps. On the free sides !ÍTtr\T'(z)\ has a bounded supremum and so we must integrate (1 -|z|2)p_2 dx dy which is finite. As for the parabolic cusps we need only recall that the hyperbolic area of a parabolic cusp is finite (cf. [4] for the details). Since ||-|| " is independent of the choice made for the fundamental region the result follows. Theorem 6. Suppose F(z)= 2™=0 anzn. Then {ajn} e l2 if either (i) F e H(2, Y) or (ii) F e H(p, Y) (1 <p< oo) and Y is finitely generated.
Proof.
In view of Parseval's formula for functions holomorphic in U it suffices to show that (1.3) is finite with s=2 and t=\. Lemma 3 immediately yields the result in case (i). If Y is finitely generated, then, for l<p<q£<X), In case Y is infinitely generated of convergence type and F g H(p, Y) (/?5¿2), similar methods to those above yield Proposition 7. If Y is of convergence type andF(z) = 2£L" anzn e H(p, Y), then (i) K,«-'} G It for allr>\if2<p<co,
<p<2.
The idea of the proof is to show that (1.3) is finite if s=2 and i>l in case (i) and s=2 and t=2\p in case (ii). Then using the fact ß(p,q) = Y(p)Y(q)lY(p+q) and Y(x)IY(x+a)~x-" the result follows by Parseval's formula.
5. An auxiliary result. In the proof of Theorem 6 we merely asserted (4.2). To prove this assertion we need to introduce the following notation analogous to that of [5] . Given z, £ g U, we define k(z, o = 7T-\\ -zly If one developed an Lv theory for automorphic forms of dimension -2q, q an arbitrary real (^> 1), as in Drasin [2] , then the above proposition has an analogous statement (viz. Theorem 3 of [2] ).
We can now show Proposition 9. If Y is finitely generated of the second kind then Hip,Y)^iHiq,Y)) (1</>^7<co).
Proof.
We first note that it suffices to show Now we note that an analogous argument based upon a similar reproducing formula for /»-integrable holomorphic automorphic forms G of dimension -2q<-2 (cf. Drasin [2] ) would show that such forms are
